Introduction.
Using Lie theory, Bluman and Cole [2] derive the general similarity solution of the heat equation. In this paper we consider the application of group methods to boundary-value problems for the one-dimensional heat equation.
It will be shown that the initial-value problem for the; well-known fundamental solution of the heat equation for an infinite bar is invariant under a three-parameter Lie group. This leads to the solution in an elegant fashion.
An inverse Stefan problem for the melting of a finite bar is considered. Analytical solutions are obtained for a two-parameter class of moving boundaries, extending the previous work of Sanders [5] and Langford [4] . A new solution expressible in terms of a Fourier series is derived for a phase change boundary moving at a constant velocity.
Group of the heat equation.
Consider the one-dimensional heat equation for a material with constant thermal properties cp(dB/dt) -k(d2Q/dx2) = 0 (1) where c = specific heat, p = density, and k = thermal conductivity are parameters and 0(x, t) is the temperature at position x at time t. For a given problem, by a suitable scaling of the variables 0, x, and t, (1) is equivalent to the partial differential equation
(du/dr) -(d~u/dy2) = 0.
In [2] it was shown how to find the Lie group leaving invariant (2) by the use of infinitesimal transformations. If U* = U*(y, T,u;e) = u + eri(y, r, u) + 0(e2), y* = Y*(y, r, u; e) = y + tY(y, r, u) + 0(e2),
r* = T*(y, t, U) e) = r + tT(y, r, u) + 0(t2), is a one-parameter Lie group leaving invariant (2), then v(y, T, u) = f(y, t)u + rj(y, r),
where g(y, r) is any solution of (2) and Y(y, r, u) = Y(y, t) = k + 8t -fry -7ijt,
Ky> t) = -i by + \y[y2 + 2r] + X. Wc consider the case where g(y, t) = 0.
Effectively (3) , is a six-parameter Lie group of transformations leaving invariant (2). Each parameter (or combination of parameters) can in turn be used to generate a similarity solution.
The corresponding general similarity solution generated by this six-parameter family of transformations is derived by integrating out the characteristic equations dy/Y(y, r) = dr/T(r) = du/f(y, t)u
to obtain a similarity form u(y, r) = F({)G(y, r)
where i'(y, t) = const, is the integral of the first equality of (6) and G(y, r) is known explicitly. Substitution of (7) into the partial differential equation (2) leads to an ordinary differential equation for F(f).
For the application of similarity solutions to a boundary-value problem it is necessary that the given problem have a unique solution. For a direct application it is necessary that a subgroup of (3) leaves invariant each of the boundary conditions and corresponding boundary curves. Each parameter of the subgroup leads to a similarity form (7) for the solution.
In Sec. 6 an application is considered in which one of the boundary conditions is not invariant.
A superposition of similarity solutions satisfies the "non-invariant" boundary condition.
3. Group properties of the fundamental solution.
As an application of the group (5) we derive the fundamental solution of the heat equation in an infinite bar.
The governing equation is (1) subject to the boundary conditions 9(x, 0) = Qd(x)/pc, lim 0(x, t) = 0, 
y-±cD
The group (5) leaves invariant (2). However, for direct application to the given boundary-value problem we must leave invariant the given boundaries r = 0 and y = ± °° and the corresponding boundary conditions. Trivially the full group (5) leaves 
Thus k = 0 and X = /3. Hence the three-parameter group
/ = Sy + 0 + h\y2 + 2t] leaves invariant the differential equation (2) and the boundary conditions (10).
4. Invariance under a multi-parameter group. Each of the parameters (5, /3, 7) in (14) can be taken in turn to generate a similarity form for the fundamental solution. From uniqueness of the solution we can equate the functional forms corresponding to any two of these parameters [1] , Solving the resulting functional equation, we obtain a solution containing some arbitrary constant which is computed from the initial source condition. 
If u -<t>(y, t) = 0 is a similarity solution corresponding to invariance under a oneparameter group whose infinitesimal operator is X, then -<t>(y, t)} =0.
Proof: First it should be noted that by definition the similarity form (16) contains all similarity solutions corresponding to X, i.e., 4>(y, r) corresponds to a particular choice of F(t).
From the characteristic equations (6) f(y, r) and u/G(y, t) are independent invariants corresponding to X, i.e. X$(u/G(y, t), t(y, t)) = 0
f 0(e2) terms can be neglected since we are dealing with a Lie group of transformations. For any values of the parameters 5, /3, and 7, (14) leaves invariant (2) and (10).
Let
Xi <_> 5 = 1, 0 = 7 = 0,
Let %i{y, t), u/GiQj, r) = F,(f,) be the independent invariants of £,■ , i = 1, 2, 3. Then the functional form corresponding to X, is u = Fi(^i)Gi(y, t), where F,(f,) is some arbitrary function of fv , i = 1, 2, 3.
From uniqueness of the solution the following functional equations are satisfied by the unknown functions Fi(fi), F2(f2) and F:,(f;)):
Solving the first equality of (21), we determine F,(f,) (or equivalently F2(f2)) explicitly except for an arbitrary constant.
It, is easy to show that f2 is functionally independent of f, iff $2 $ <x(ij, t)X, for some function a(y, t). Hence from (18), (19) we sec; that f2 is functionally independent «f fi • Note that a standard way to derive this solution is to consider a similarity form corresponding to invariance with respect to £2 (stretching in variance or dimensionalanalysis argument) and then to solve the resulting second-order ordinary differential equation.
6. Group properties of an inverse Stefan problem.
As another application of group methods to a boundary value problem we consider transient heat conduction in a melting slab [4] , [5] . A finite slab originally extending from x = 0 to x = a is melted in such a way that the face x = 0 is insulated and the other face is melted with heat flowing into the melting face at a rate h{t). It is assumed that all of the molten material is removed immediately upon formation. At time t the melting face is located at x = X(l) with X(0) = a.' Let Qm be the melting temperature and 90(x) be the initial temperature distribution in the bar. Then the governing partial differential equation is (1) for 0 < x < X(t), t > 0 and the appropriate boundary conditions during melting are: e(X(<), t) = e,", t> o,
where L = latent heat of fusion. Note that there are two unknowns in this nonlinear Stefan problem: the temperature distribution 6(x, t) and the moving (free) boundary X(t).
We non-dimensionalize (1), (24) by letting y = x/a, r = kt/cpa, s(r) = X(t)/a, u(y, t) = (9(.t, t) -Qm)/em ,
Then (1), (24) become
(du/dy)(0, r) = 0, r > 0,
u(y, 0) = $((/), 0 <y <1,
77(t) = K(du/dy)(s{T), r) -ds/dr, r > 0.
The unknowns are now t<(?/, r) and s(r). Instead of solving the direct problem we consider the inverse Stefan problem where s(t) is specified and the solution is found which satisfies all of the boundary conditions except (31). The generated solution fixes the value of H(r). Tn effect this is a "control" type of problem. In a future paper it will be shown how to solve numerically the direct problem by piecing together appropriate inverse solutions.
Using similarity we seek the most general expression for s(r) leading to analytical solutions and find the corresponding temperature distribution u(y, r) and heat flux H(t). Before proceeding to construct such analytical solutions we show that the solution to the inverse Stefan problem (26)-(31) is unique. Say u = ux and u = u2 are solutions corresponding to a particular fixed s(r). Let v -u2 -ih ■ Then v satisfies dv/dr = d2v/dy2, 0 < y < s(t), r > 0,
v(s(t), t) = 0, r > 0,
(,dv/dy)(0, r) > 0, r > 0
v(y, 0) = 0, 0 < y < 1.
Let R (Fig. 1) 8. Conclusions. New classes of analytical solutions for an inverse Stefan problem have been derived using group methods. In the case of a phase change boundary moving at a constant velocity the solution is of a simple form for computational purposes. In a future paper we will show how to solve a quite general direct Stefan problem by a numerical procedure based on these similarity solutions.
